The spontaneous twisting of single-wall carbon nanotubes is investigated within the linear approximation of the tight-binding model. We analyze whether the equilibrium configuration of a nanotube at finite temperature is associated with a nonvanishing twist. The sufficient and necessary conditions for spontaneous twist are elaborated both numerically and analytically. We discuss the case where an external magnetic field parallel with the axis of the nanotube is present.
I. INTRODUCTION
Carbon nanotubes are considered as one of the most promising materials for the future of electronic devices [1] . They can be both metallic or semiconducting, depending on the orientation of the lattice in their shells [2] , and their electronic properties can be further altered through mechanical deformations [3] .
The radial twist of the nanotubes has a profound impact on their energy spectra. For a metallic nanotube it opens a gap in the energy spectrum, while for a semiconducting one it can make the gap either wider or narrower, depending on the orientation of the twisting. In Nature, radially twisted single-wall carbon nanotubes can be found in bundles of nanotubes [4] . They have also been realized in experiments, where they have served as torsional strings [5] .
By altering the spectral gap, the twist affects the transport properties of the nanotubes, as for example their conductance. Charge carriers in metallic nanotubes can propagate over long distances without being scattered by impurities [6] [7] [8] [9] . This effect is understood as a manifestation of Klein tunneling in the carbon nanostructures [10, 11] . However, when the gap opens, the electrons acquire an effective mass, the back-scattering on the impurities takes place, and the conductance decreases [12] . Twisting of a nanotube can cause conductance oscillations, producing metal-semiconductor transitions [13] .
Electronic properties of carbon nanotubes are also affected by the temperature. In [14] , it was analyzed how the resistivity of single-wall carbon nanotube depends on the temperature. They considered a model where onedimensional electrons are scattered by torsional shape fluctuations. The electrical resistance of single-wall carbon nanotubes at finite temperature was also investigated experimentally in [15] .
In the current Letter, we focus on whether the singlewall carbon nanotubes, both metallic and semiconducting, get spontaneously twisted at finite temperature. We use both analytical and numerical tools to explore the sufficient and necessary conditions for the spontaneous twist of the nanotubes. * jakub@ujf.cas.cz † perez-obiol@ujf.cas.cz
The article is organized as follows: in the next section, the model of radially twisted nanotubes, based on the linear approximation of the tight-binding Hamiltonian, is introduced. In particular, the effective vector potential dependent on the geometry of the nanotube is presented and the condition for the spontaneous twist of the nanotube is specified. In section III, we study the case of infinitely long nanotubes, which prove to be a relevant approximation of the realistic systems. We elaborate the sufficient and necessary conditions for the existence of the twist. The twists corresponding to the most stable configurations are found numerically for different radiuses, chiralities and temperatures. In the last part of section III we consider nanotubes in presence of an external constant magnetic field parallel to their axis. Finite-length nanotubes are analyzed in section IV. We conclude our results in the section V.
II. THE MODEL

A. Hamiltonian and boundary conditions
Mechanical deformations on a graphene sheet influence its Dirac Fermions analogously to external gauge fields, with the exception that time-reversal symmetry is preserved [3, 16] . A generic Hamiltonian for Dirac fermions in graphene in presence of a mechanical deformation reads
where the Fermi velocity is v F = 7.44 · 10 14 nm/s. The potentials A x (x, y), A y (x, y) and V (x, y) depend on the strain tensor and can be expressed in terms of the metric and curvature tensors that characterize the deformation in the sheet. The sign ± denotes that the Hamiltonian is associated with the Dirac point ±K.
We consider a carbon nanotube of radius R, length L, and chirality χ -the angle between the bond and circumferencial directions-that has a twist δ. Defining the 1 We neglect the spin degree of freedom as the spin of electrons is not altered by the considered interactions. 
with a 0 = 2.46Å being the lattice constant. It is worth mentioning that the formula for A y predicts a nonvanishing gap even for metallic carbon nanotubes if χ = 0. In particular, for the zigzag nanotube, there is a gap
2R 2 |. These predictions are in qualitative agreement with experiments where a small gap in presumably metallic nanotubes was observed [17] . In this framework, armchair nanotubes are gapless.
The eigenfunctions of H ± must satisfy periodic conditions in the circumferencial direction (y coordinate) and boundary conditions in the axial direction (x coordinate). The former quantize the circumferencial momentum, k y = R 3 + q . q is an integer and depends on the chirality of the nanotube. In particular, for a nanotube (n,m), = n − m − 3l = −1, 0, 1 2 . At low energies, only the momentum line closest to the Dirac point, k y = 3R , is relevant. Metallic nanotubes have k y = 0 and semiconductor ones k y = ± 3R .
The termination of the nanotube is described by different boundary conditions depending on the chirality χ. However, zigzag boundary conditions (χ = π 6 ) prove to be rather universal as they apply to all terminations of the lattice different from the armchair one (χ = 0), see [18] . In this case, the constraints on the eigenfunctions
T of H ± are the same for both Dirac points,
where A and B denote the two triangular sublattices of the hexagonal crystal lattice. The solutions of both (H ± − E)Ψ ± = 0 satisfy (4) provided that the energies are the roots of the following transcendental equation
where E 1 is
When χ = 0, the nanotube is terminated along the bonds (armchair edges). In this case the boundary conditions mix spinors from the two Dirac valleys,
where θ = 0, ± 2π 3 , see [19] . With these constraints, the possible energies satisfy the following equation
B. Towards equilibrium via radial twisting
A physical system dwells in equilibrium when its energy is minimized. We shall analyze whether it is energetically favourable for the nanotube to be radially twisted. We consider contributions of the free energy of Dirac fermions and the elastic energy of the nanotube. The free energy is computed using the Fermi-Dirac distribution and reads
where k B = 8.62 · 10 −7 is the Boltzmann constant and T the temperature of the system. E F is the Fermi energy and in this framework it can be set to zero [20] . The energy levels E n are the solutions of the transcendental equations (5) and (8) . The factor 2 reflects the fact that the states can have one of the two spins. We have deg = 2 for nanotubes with zig-zag boundary conditions (each energy level can be populated either from the Dirac valley K or −K) and deg = 1 for armchair nanotubes.
We only consider the energies E n associated to the lowest momentum k y = 3R . Energies corresponding to the next momentum line are ∆E v F R larger, and their contributions to the mean energy are proportional to a factor ∼ e −v F /(R k B T ) , which is negligible for any reasonable range of temperatures and radiuses. Analogously, it is justified that the energies are summed up beyond the
, and up to infinity, where the linear approximation of the tight binding model is no longer valid. These energies are suppressed by a factor ∼ e −γ0/(k B T ) , which is also negligible up to very high temperatures.
The elastic energy due to in-plane displacements of the nanotube depends on the strain tensor, u xy , and reads [21] 
We have inserted the explict form of the strain tensor for a twisted carbon nanotube, u xx = u yy = 0, u xy = Rδ. λ and µ are the Lamé constants. In particular, µ = 990 eV/nm 2 [22] . We suppose that the nanotube is in equilibrium when the energy E = E+U , composed from the mean electronic energy of the Dirac fermions E and the deformation energy of the lattice U , acquires its minimum.
III. INFINITELY LONG NANOTUBES
A. Limit L → ∞ Infinitely long nanotubes are a mathematical abstraction. However, their analysis can provide a very good approximation for nanotubes of finite length. Rewriting the transcendental equations (5) and (8) 
1 , these equations become
The right-hand sides of the equalities vanish for L → ∞ and the equations have the same roots, k = π n, where n = 1, 2, 3, . . . . The corresponding energy levels are
In the case of armchair nanotubes, the solutions become doubly degenerate, and now deg = 2 for both zigzag and armchair boundary conditions. In the limit, the distance between the energy levels gets infinitesimally small, and the sum in (9) can be replaced by an integral, n ... → ∞ E1
... . To avoid that the integral diverges in the limit L → ∞, we consider the energy density E,
When L is finite, energies get quantized. The distance between the energy levels is less than ∆E 
LT πv F 1.28k B 14000 nm K.
For temperatures T ∼ 100−300K, these conditions imply that (13) provides a reasonable approximation as long as the carbon nanotubes are much larger than a few tens of nanometers. This requirement is rather realistic as nanotubes with length exceeding 10 8 times their radius can exist [23, 24] .
B. Existence of a twist
Let us denote U = U L as the density of potential energy. Both E and U are nonnegative for all real δ, and, hence, the sum E + U is bounded from below as a function of δ. The latter function has no upper bound as U ∝ δ 2 and it is continuous in δ. Using these properties, it can be deduced that the following condition is sufficient for existence of a nonvanishing twist:
The function E +U acquires its (local) minimum for δ > 0 or δ < 0, provided that ∂ δ (E + U) δ=0 < 0 or ∂ δ (E + U) δ=0 > 0, respectively. Consider the case where ∂ δ (E + U) δ=0 < 0. Then E + U is a decreasing function in δ = 0 where it acquires the value E 0 . For sufficiently largeδ > 0, the function E + U acquires values that are larger than E 0 . Hence, its derivative has to change sign somewhere in the interval (0,δ). This proves that E + U has a local minimum for δ > 0. The other case can be deduced analogously.
The derivative of the total energy with respect to δ is
Let us suppose χ = 0, π 6 (the cases of armchair and zigzag nanotubes will be discussed below). The condition ∂ δ (E + U) δ=0 = 0 implies that I( The necessary condition for the existence of the minimum is ∂ δ (E + U) = 0. Using Eq. (16), this implies that, for δ = 0,
Analyzing I(x) numerically it is found that it has both a lower and an upper bound, −0.273 < I(x) < 0.273 (see Fig 1) . Eq. (18) does not have a solution if the second term is either above or below the upper and lower bounds. For small twists and χ = π 6 , the term proportional to δ in the denominator can be neglected, and the condition becomes
At room temperature, T = 300 K, and for a typical radius of R = 0.5 nm, the twist is limited to |δ| < 8.3 · 10
rad/nm. Both zigzag and armchair nanotubes have a minimum in the total energy at zero twist, since the second term in Eq. (16) vanishes for δ = 0 and χ = 0, π 6 (note that, for χ = 0 and δ = 0, E 1 = 0 and I(0) = 0). The total energy will have other minima if Eq. (18) has other solutions. In the case of zigzag nanotubes, this equation becomes I(
. For radiuses R 0.5 nm, the right-hand side of the equality is much above the upper bound of I(x) and the equation has no solution. Therefore, zigzag nanotubes have only one minimum at δ = 0. For armchair nanotubes Eq. (18) 
At small enough temperatures and radiuses, there will be four more solutions, two corresponding to minima and two corresponding to maxima.
C. Twist dependence on temperature, radius, and chirality.
In our model, the spontaneous twist of a carbon nanotube depends on its radius, chirality, and the temperature. The two first parameters are determined by The maximum twists found for the metallic ( = 0) and semiconducting ( = ±1) nanotubes with 0.5 nm < R < 1 nm. The third and fourth rows correspond to the electronic gap and how it has changed with respect to the nanotube with zero twist (in %), E 1 ≡ 100 ×
.
the pair of indices (n,m) characterizing the nanotube,
In order to find how the twist precisely depends on these parameters, we search for minima in the total energy by solving Eq. (16) numerically. We have considered all the possible combinations of (n,m) with radius in the range 0.5 nm < R < 1 nm. Radiuses smaller than 0.5 nm are outside the scope of the model we use, which is only valid for small curvatures [16] . Nanotubes with radiuses larger than 1 nm seem to collapse [25, 26] and are also not considered. We consider temperatures up to room temperature, T = 300 K, in which the quasiparticles still behave like Dirac fermions.
The free energy of the Dirac fermions strongly depends on E 1 . The actual value of E 1 is mainly determined by the term proportional to the gap parameter , which is the dominant one for = 0, see (6) . Therefore, we separate our analysis into the three cases where = 0, ±1, which correspond to n − m = 3l and n − m = 3l ± 1 for an integer l.
In Figs. (2), (3), and (4) we plot the values of the twist that minimize the total energy for a range of radiuses 0.5 nm < R < 1 nm and temperatures T < 300 K. The largest twists are found at the highest temperatures considered, T = 300 K. Their explicit values, together with the corresponding electronic gaps, are presented in Table  1 .
D. External magnetic field parallel with the nanotube
A constant magnetic field parallel to the axis of the nanotube, B = (B, 0), does not directly affect the dynamics of the Dirac fermions since the corresponding Lorenz force tangent to the cylindrical surface vanishes. However, it is manifested by the nontrival phase factor that the wave function acquires around the circumference, or, alternatively, by the appearance of an additional term in the vector potential. It may be included into the Hamiltonian in Eq. (1) by a constant termÃ y (B) that breaks the time-reversal symmetry (it has the same sign in the two Dirac points),
A y (B) = v F R B · 10 −18 , and B is the magnetic field in Teslas.
Let us consider the nanotubes with χ = 0. Due to the change of the relative sign between A y andÃ y (B), two different sets of eigenvalues appear, each of them associated with one Dirac point. In the limit L → ∞, the energy levels are
. The twist that minimizes the total energy is found solving the following equation
We solve this equation for T = 300 K and for the three nanotubes (9, 6) , (17, 12) , and (18,11) (the ones that are maximally twisted in absence of magnetic field). As the magnetic field increases, the metallic nanotube (9,6) decreases its twist, while the semiconductor ones become more twisted, independently on the direction of the field. This is shown in Figs. (5) and (6), where we have plotted how the twist depends on the magnetic field in the range 0 T < B < 30 T.
IV. CARBON NANOTUBES OF FINITE LENGTH
In this section we consider that nanotubes have finite lengths and study how their twist changes with respect to the one found in the limit L → ∞. We solve numerically Eq. (5) in order to find their eigenvalues, and compute their free energy using Eq. (9) . No relevant change is FIG. 5 . Twist at T = 300 K and depending on the magnetic field for the metallic nanotube (9,6).
FIG. 6. (Color online)
Twist at T = 300 K and depending on the magnetic field for the semiconducting nanotubes (17, 12) , and (18, 11) .
observed in the value of the twist at lengths L > 100 nm and temperatures T 300 K. For lengths L 100 nm, the largest twists found in the previous section decrease their value, in some cases changing the direction of the twist. In order to illustrate this we show in Figs. (7) and (8) how the twist explicitly depends on the length for the three most twisted nanotubes in the limit L → ∞, (9,6), (17, 12) , and (18, 11) . 
V. CONCLUSIONS
We have analyzed the change in energy of a carbon nanotube due to its radial twist. We have considered the free energy of the Dirac fermions at a finite temperature and the elastic energy stored in the bondings of (17, 12) , and (18, 11) .
the carbon atoms. The model predicts that the energy of most nanotubes is minimized for a nonzero radial torsion, and therefore a majority of nanotubes get spontaneously twisted.
The spontaneous twist strongly depends on the type of nanotube. Both armchair and zigzag nanotubes do not twist spontaneously as their equilibrium configuration corresponds to zero torsion. The chiral metallic nanotubes with smaller radius have greater twists, of the order of δ ∼ 10 −5 rad/nm. The spontaneous twist of chiral semiconducting nanotubes is about ten times smaller. The largest twists appear at the maximum radius considered, R = 1 nm.
At the same time, we find that the maximum spontaneous twist that a nanotube may exhibit is very small, of the order of δ ∼ 10 −4 rad/nm. However it should be measurable for long enough nanotubes through precise microscopy techniques such as scanning tunneling microscopy [27] .
A constant magnetic field parallel to the axis of the nanotube is included in our model as a gauge field in the Dirac Hamiltonian. It affects the energy gap in the band structure and therefore the size of the spontaneous twist. We find that large magnetic fields, of the order of 10 T, decrease and increase the twist about ∼ 10% for metallic and semiconductor nanotubes, respectively.
All these results are found in the limit that nanotubes are infinitely long. However, this approximation has been proved -both numerically and analytically-to be very accurate for lengths L 100 nm and temperatures T = 300 K. At shorter lengths, L < 100 nm, the nanotubes seem to slightly decrease their twists.
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